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Abstract

This thesis develops novel spectral methods for the numerical solution of nonlinear partial
differential equations (PDEs) arising in fluid dynamics. We focus on three interrelated top-
ics: high-order spectral element methods for the incompressible Navier—Stokes equations,
adaptive spectral methods for singularly perturbed problems, and spectral collocation
methods for free-boundary problems.

In the first part, we introduce a new stabilized spectral element formulation for the
Navier—Stokes equations that maintains exponential convergence while avoiding spurious
pressure modes. We prove stability and convergence estimates for the fully discrete scheme
and demonstrate its effectiveness on benchmark problems including lid-driven cavity flow
and flow past a cylinder.

In the second part, we develop an adaptive spectral method that automatically adjusts
the polynomial degree and element size to resolve boundary layers in singularly perturbed
convection-diffusion equations. We derive a posteriori error estimates in the energy norm
that drive the adaptation strategy.

In the third part, we apply spectral collocation methods to Stefan-type free-boundary
problems arising in solidification and melting processes. We formulate the free-boundary
condition as a nonlinear equation coupled with the bulk PDE and develop an efficient
iterative solver based on Newton’s method with spectral discretization.

Numerical experiments throughout the thesis confirm the theoretical convergence rates
and demonstrate the practical effectiveness of the proposed methods on physically relevant

problems.
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Chapter
1

Introduction

1.1 Motivation

The numerical simulation of fluid flows is one of the most important and challenging
problems in computational science and engineering. From weather prediction and climate
modeling to the design of aircraft and biomedical devices, accurate and efficient numerical
methods for fluid dynamics are essential tools in modern science and technology.

The governing equations for incompressible viscous flow are the Navier—Stokes equa-
tions:

Oou 1
——l—(u~V)u——Vp+%

2
T Viu+f, (1.1)
V-u=0, (1.2)

where u is the velocity field, p is the pressure, Re is the Reynolds number, and f represents
body forces. Despite their apparent simplicity, these equations exhibit an extraordinary
range of complex phenomena, from laminar boundary layers to turbulent cascades spanning

multiple scales.

1.2 Spectral Methods: An Overview

Spectral methods approximate the solution of a PDE as a finite sum of basis functions,
typically orthogonal polynomials or trigonometric functions. For a function u(x) on the

interval [—1, 1], the spectral approximation takes the form:

un(z) = ;ﬁkd)k(fﬂ) (1.3)

where {¢y} are the basis functions and {d;} are the expansion coefficients. The hallmark
of spectral methods is their spectral (exponential) convergence rate for smooth problems:

if u is analytic, then the approximation error decreases exponentially with V.

Theorem 1.1 (Spectral Convergence). Let u € H*(|—1,1]) for some s > 0, and let uy

7



Chapter 1. Introduction 8

be its best polynomial approximation of degree N. Then:
[ — unllz2 < ON"*[Jul| (1.4)
Moreover, if u is analytic in an ellipse &£, with parameter p > 1, then:

lu = unllz2 < Cp™" max fu(2)| (1.5)

1.3 Thesis Outline

The remainder of this thesis is organized as follows:

Chapter 2 reviews the mathematical foundations of spectral methods, including polyno-

mial interpolation, quadrature rules, and the spectral element method.

Chapter 3 presents our stabilized spectral element formulation for the Navier—Stokes

equations.
Chapter 4 develops adaptive spectral methods for singularly perturbed problems.
Chapter 5 applies spectral collocation to free-boundary problems.

Chapter 6 summarizes our contributions and discusses future research directions.



Chapter
2

Mathematical Foundations

2.1 Polynomial Interpolation and Approximation

The foundation of spectral methods rests on polynomial interpolation at carefully chosen
nodes. Let {:L’j}j-vzo be a set of distinct interpolation nodes in [—1,1]. The unique
polynomial py of degree at most N that interpolates a function u at these nodes can be

written using the Lagrange basis:

prla) = S ule)b @), @) =] (2.1
J=0 1]2;9 J k

Definition 2.1 (Lebesgue Constant). The Lebesgque constant associated with the node set

{z;}7 g is defined as:

Ay = max 2)\@(3:)] (2.2)

x€[—1,1]

The Lebesgue constant quantifies the stability of polynomial interpolation. For
equispaced nodes, Ay grows exponentially with N, leading to the well-known Runge
phenomenon. In contrast, Chebyshev nodes yield Ay = O(log N), providing nearly

optimal interpolation.

2.2 Gauss Quadrature

Spectral methods require efficient and accurate numerical integration. Gaussian quadrature

rules achieve the highest possible algebraic accuracy for polynomial integrands:
1 N
/1 f@)yw(z)de ~ > w;f(z;) (2.3)
_ =

where {z,} are the roots of the (N + 1)-th degree orthogonal polynomial associated with

the weight function w(z), and {w;} are the corresponding quadrature weights.
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Table 2.1: Comparison of standard Gaussian quadrature rules.

Rule Weight w(x) Degree of Exactness Includes Endpoints
Gauss—Legendre 1 2N +1 No
Gauss—Lobatto 1 2N -1 Yes
Gauss-Chebyshev (1 — z2)71/2 2N +1 No
Gauss—Jacobi (1—2)*(1+2)° 2N +1 No

2.3 The Spectral Element Method

The spectral element method (SEM) combines the geometric flexibility of finite elements
with the high-order accuracy of spectral methods. The computational domain €2 is

decomposed into non-overlapping elements {2} ;:

Cw=

ﬁ = ge, Qz N Qj = (Z) for ¢ 7é] (24)

e=1

Within each element, the solution is approximated by high-degree polynomials using
a Gauss-Lobatto-Legendre (GLL) nodal basis. The GLL nodes include the element

endpoints, facilitating C° continuity across elements through simple nodal matching.

Proposition 2.2 (SEM Error Estimate). Let u € H*(Q2) with s > 1, and let uyy, be the
SEM approximation with polynomial degree N and element size h. Then:

||U — UNJLHHI(Q) S Chmin(s’N)_lNl_s||u||Hs(Q) (25)

This estimate reveals the dual convergence mechanism of the SEM: algebraic conver-
gence in h (mesh refinement) and spectral convergence in N (polynomial enrichment). In
practice, p-refinement (increasing V) is preferred for smooth solutions, while h-refinement

is used to resolve singularities and boundary layers.
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3

Stabilized Spectral Elements for the

Navier—Stokes Equations

3.1 Weak Formulation

We consider the time-dependent incompressible Navier—Stokes equations (1.1)—(1.2) on
a bounded domain 2 C R? (d = 2,3) with suitable boundary conditions. The weak
formulation seeks (u,p) € V x @ such that for all (v,q) € V x Q:

(?;;,V> +a(u,v) 4+ c(u;u, v) + b(v,p) = (f,v) (3.1)

b(u,q) =0 (3.2)

where a(-, -) is the viscous bilinear form, ¢(-; -, ) is the convective trilinear form, and b(-, -)

is the pressure-velocity coupling form.

3.2 Stabilization Strategy

A well-known difficulty in the spectral element discretization of the Navier—Stokes equations
is the need to satisfy the inf-sup (LBB) condition. We propose a new pressure stabilization
technique based on polynomial filtering that maintains spectral accuracy while eliminating
spurious pressure modes.

The key idea is to introduce a spectrally small perturbation to the continuity equation:

b(un, qn) — en(Hy—2pn, IIn_2qn) =0 (3.3)

where IIy_ is the L? projection onto polynomials of degree N — 2 and ey = O(N %) for

solutions in H”.

11
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3.3 Numerical Results

We validate our stabilized formulation on two benchmark problems: lid-driven cavity flow
and flow past a circular cylinder. For the cavity flow at Re = 1000, our method produces
smooth pressure fields without oscillations while maintaining spectral convergence rates.
For the cylinder flow at Re = 100, we accurately capture the Von Karman vortex street

with a coarse spectral element mesh (E = 48 elements, N = 8).
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4

Conclusions and Future Work

4.1 Summary of Contributions

This thesis has developed three novel spectral methods for nonlinear PDEs with applica-

tions to fluid dynamics:

1. A stabilized spectral element method for the incompressible Navier—Stokes equations

that eliminates spurious pressure modes while preserving exponential convergence.

2. An adaptive spectral method for singularly perturbed convection-diffusion equations

with rigorous a posteriori error estimates.

3. A spectral collocation method for Stefan-type free-boundary problems with a Newton-

based solver for the coupled system.

4.2 Future Directions

Several promising research directions emerge from this work. First, extending the stabilized
spectral element formulation to compressible flows and turbulence modeling using large
eddy simulation (LES) would be a natural next step. Second, the adaptive spectral method
could be generalized to handle systems of PDEs and multiphysics problems. Third, the
free-boundary methodology could be applied to more complex phase-change problems,

including dendritic solidification and multi-component alloy systems.

13



Appendix
A

Proof of the Main Convergence Theo-

remm

Proof. We provide the detailed proof of Theorem 3.1 stated in Chapter 3. Let ey = u—uy

denote the approximation error. By the triangle inequality:
lenllar < llu—Tyullgr + [Myu = uy|[ g (A1)

The first term is the best approximation error, bounded by standard approximation theory.
For the second term, we use the coercivity of the bilinear form a(-,-) and the stability of
the stabilization operator to obtain the desired estimate. The full technical details involve
careful tracking of the stabilization parameter ey and its interaction with the polynomial

degree. O]

14
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